Abstract. In this paper, a condition making vertex operator superalgebras to be unitary is determined and an analogue of conformal spin-statistics theorem in conformal field theory is proved. As an application of these results, it is proved that under some assumptions there exist vertex operator algebra structures on the direct sum of simple current unitary modules of unitary vertex operator algebras.
Introduction
Simple current extension is one of important ways to construct new vertex operator algebras. More precisely, let V be a strongly regular vertex operator algebra, then a vertex operator algebra U is called a simple current extension of V if V is a vertex operator subalgebra of U and U viewed as a V -module has the decomposition U = M 0 ⊕ M 1 ⊕· · ·⊕M k such that M 0 , M 1 , · · · , M k are simple current V -modules [DLM1] . Many important vertex operator algebras can be constructed by simple current extension, for example, the Moonshine vertex operator algebra, code vertex operator algebras and framed vertex operator algebras are simple current extensions of tensor product of Virasoro vertex operator algebras [M] , [DGH] . It is also known that simple current extensions of vertex operator algebras have good properties [Y1] .
Thus, it is meaningful to determine the conditions such that simple current extensions of vertex operator algebras exist. There have been many works about constructing simple current extensions, for example, simple current extensions of affine vertex operator algebras and Virasoro vertex operator algebras have been constructed in [DLM1] , [L1] , [LLY] ; Lam and Yamauchi have proved under some assumptions that there is a vertex operator algebra structure on the direct sum of simple current modules if the simple current modules form an order two group under tensor product [LY] ; Carnahan has proved that there is a vertex operator algebra structure on the direct sum of simple current modules if the evenness conjecture is true [C] ; Creutzig, Kanade and Linshaw have proved that there is a vertex operator superalgebra on the direct sum of simple current modules if the simple current modules form a cyclic group under tensor product [CKL] . In this paper, we shall provide such a condition which works in the case that the simple current modules form a general group.
To explain our conditions, we first recall some definitions about unitary vertex operator algebras [DLin] . and have integral conformal weights. We shall prove under assumptions (i), (ii) that
We next explain the main ideas of the proof. Let V be a strongly regular, unitary ver- 
(see Theorem 3.5). We then need to prove that this is indeed a vertex operator algebra.
We first prove that this is a unitary vertex operator superalgebra. Actually, this follows from a general result which states that a vertex operator superalgebra V equipped with
v, w ∈ V and n ∈ Z is unitary (see Theorem 2.10). This result has its own interest, it is known [CKLW] that there are close relations between conformal nets and unitary vertex operator algebras. Thus, it is meaningful to determine conditions making vertex operator algebras to be unitary. Our result provides a simple condition making vertex operator algebras to be unitary. To complete the proof, we shall prove an analogue of the conformal spin-statistics theorem, which states that for a unitary vertex operator superalgebra V = V0 ⊕ V1, the elements in V0 (resp. V1) must have integral (resp. half-integral) weights (see Theorem 2.11).
The organization of this paper is as follows. In Section 2, we define unitary vertex operator superalgebras and then prove some properties of unitary vertex operator superalgebras. A conditions making vertex operator superalgebras to be unitary is determined and an analogue of conformal spin-statistics theorem in conformal field theory is proved. By applying the results in Section 2, we shall prove in Section 3 that there exist vertex operator algebra structures on the direct sum of simple current unitary modules of unitary vertex operator algebras.
Unitary vertex operator superalgebras
2.1. Basic facts about vertex operator superalgebras. In this subsection, we recall some basic facts about vertex superalgebras from [FHL] , [K] , [L2] . Let C[x 1 , x 2 ] S be the ring of rational functions obtained by inverting the product of elements of the set S of nonzero homogeneous linear polynomials in x 1 and x 2 . We will use ι x 1 ,x 2 to denote the operation of expanding an element of C[x 1 , x 2 ] S as a formal series containing at most finitely many negative powers of x 2 ; similarly for ι x 2 ,x 1 . For a Z 2 -graded vector
vector space, 1 ∈ V0 is the vacuum vector of V , ∂ V is a parity preserving endomorphism of V , and Y is a linear map
satisfying the following axioms:
(v) The Jacobi identity for Z 2 -homogeneous u, v ∈ V holds,
We will denote the vertex superalgebra briefly by V . It is known [FHL] , [LL] , [L2] that for any Z 2 -homogeneous elements u, v ∈ V , there exists a positive integer k such that
The operators Y (u, x 1 ) and Y (v, x 2 ) satisfying (2.1) are said to be mutually local. Conversely, the following theorem allows one to construct vertex superalgebras (see [K] ).
Theorem 2.1. Let V be a Z 2 -graded vector space, 1 be an even vector of V and ∂ V an even endomorphism of V . Assume that {a
where a α are linearly independent in V .
(c) a α (x) and a β (x), α, β ∈ I, are mutually local. Z V n such that dim V n < ∞ for any n and V n = 0 if n is sufficiently small.
−n−2 satisfy the Virasoro algebra relation with central charge c ∈ C:
and
For a vector v in V n , we define the conformal weight wtv of v to be n, and v is called a quasiprimary vector if L(1)v = 0. If V = n∈Z V n and V 1 = 0, then V is called a vertex operator algebra, and a vertex operator algebra V is called of CFT-type if V = n≥0 V n and dim V 0 = 1. Remark 2.2. Here we adopt the definition of vertex operator superalgebras in [L2] , which is slightly different from those in [KW] , [DZ1] and [DZ2] . The elements in V0 (resp. V1) are not demanded to have integral conformal weights (resp. half-integral conformal weights).
We will need the following properties about vertex operator superalgebras, which can be proved by the similar arguments in the proof of formulas (2.3.17), (5.2.37), (5.2.38), (5.3.1) of [FHL] .
Theorem 2.3. Let V be a vertex operator superalgebra. Then for any v ∈ V we have
where ζ denotes the complex number e ιπ and ι denotes the imaginary unit.
We next consider modules of vertex operator superalgebras. Let V be a vertex operator superalgebra. A weak V -module is a vector space M equipped with a linear map
such that the following conditions hold:
(iii) The Jacobi identity holds for u, v ∈ V
such that M λ = {w ∈ M|L(0)w = λw} and is finite dimensional, and for any λ ∈ C,
Theorem 2.4. Let V be a vertex operator superalgebra, M be a V -module. Then M ′ equipped with the linear map Y ′ M is also a V -module.
Proof:
The argument is similar to that in the proof of Theorem 5.2.1 of [FHL] . By the argument in the proof of Lemma 2.2 of [DLM2] , we only need to prove that the Jacobi identity holds for any u, v ∈ V and w ′ ∈ M ′ :
By the definition of Y ′ M , we have for any w ∈ M,
2 )w ,
On the other hand, we have
which is equivalent to
2 ).
Thus, we only need to prove the following identity holds for any u, v ∈ V :
Note that for any u, v ∈ V , we have ǫ u,v ι τ (u,v) = ιũιṽ. Then we only need to prove the following identity holds for any u ∈ V :
By the formulas (2.3) and (2.5), we have
This completes the proof.
Remark 2.5. If V is a vertex operator superalgebra defined in [KW] , then Theorem 2.4 has been proved in [Y2] . 
Remark 2.6. The definition of unitary vertex operator superalgebras is a slight generalization of that in [AL] .
Proof: This follows immediately from the following property of Hermitian form (, ) V :
As a corollary, we have Corollary 2.8. Let (V, φ, (, ) V ) be a unitary vertex operator superalgebra. Then φ is an even map, that is, φ(u) =ũ for any Z 2 -homogeneous vector u ∈ V .
Proof: By the definition of unitary vertex operator superalgebras and the formula (2.4), we have
This implies that ι φ(u) ιũ = 1 for any Z 2 -homogeneous vector u ∈ V . Hence, φ(u) =ũ for any Z 2 -homogeneous vector u ∈ V .
We will need the following property of unitary vertex operator superalgebras.
Proposition 2.9. Let (V, φ, (, ) V ) be a unitary vertex operator superalgebra. Then for any w ∈ V we have (φ(w), φ(w)) V = (w, w) V .
Proof: We first prove that for any
We only need to prove that (ζx
Since (, ) V is positive definite, it follows immediately that (φ(w), φ(w)) V = (w, w) V for any w ∈ V . This completes the proof.
We next provide a condition making vertex operator superalgebras to be unitary.
Theorem 2.10. Let V be a vertex operator superalgebra. Assume that there exists a positive definite Hermitian form (, ) V on V such that (u, v) = 0 ifũ =ṽ and that
Then V is a unitary vertex operator superalgebra.
Proof: Define a map
for any u, v, w ∈ V . It is sufficient to prove that φ is an anti-linear involution of V . We first prove that φ is an anti-linear even map. By definition, we have
This implies that φ(λu) =λφ(u) for any u ∈ V , as desired. We now prove that φ is an even map. Otherwise, assume that there exists an element u ∈ V such that φ(u) =ũ.
Then by assumption we have
This is a contradiction.
We next prove that φ(1) = 1 and φ(ω) = ω. By definition, we have
These imply that φ(1) = 1 and φ(ω) = ω.
We now prove that φ(u n v) = φ(u) n φ(v) for any u, v ∈ V and n ∈ Z. By definition,
On the other hand, from the proof of Theorem 2.4, we have the following identity
Thus, we have
This implies that φ(u n v) = φ(u) n φ(v), as desired.
Finally, we prove that φ is an anti-linear involution. By definition,
This implies that for any
It follows that φ 2 = id. This completes the proof.
2.3. Conformal spin-statistics theorem. In this subsection, we shall prove an analogue of conformal spin-statistics theorem in conformal field theory (cf. Page 619 of [G] ). This result will play a key role in the later section.
Theorem 2.11. Let (V, φ, (, ) V ) be a unitary vertex operator superalgebra. Then for any element v in V0 we have wtv ∈ Z and for any element u in in V1 we have wtv ∈ 1/2 + Z.
Proof: For any homogenous quasiprimary vectors u, v ∈ V , consider the formal power series
Since L(1)1 = 0, by the formula (2.2) we have
the locality of vertex operator superalgebras, we have
It follows from Proposition 2.9 that
In particular, ǫ u,u = 1 if and only if wtu ∈ Z, and ǫ u,u = −1 if and only if wtu ∈ 1/2 + Z.
Finally, since V viewed as a module for the Virasoro algebra is unitary, it follows that V is a direct sum of highest weight modules of the Virasoro algebra. It follows that for any homogeneous vector u ∈ V , ǫ u,u = 1 if and only if wtu ∈ Z, and ǫ u,u = −1 if and only if wtu ∈ 1/2 + Z. This completes the proof. , there exists a unique V -
We shall denote the tensor
if for any irreducible V -module X, the tensor product M ⊠X is also irreducible. Denote the set of simple current V-modules by S V , it is known that the tensor product operation induces an abelian group structure on S V such that the identity element is V (see [LY] ).
In the following we assume that D is a cyclic subgroup of S V and each M ∈ D has integral conformal weights. Set U D = ⊕ M ∈D M, the main goal of this subsection is to show that there exists a simple vertex operator superalgebra structure on U D .
By assumption, D is isomorphic to the cyclic group
is a simple current module, it follows immediately that
where contour C r i (z) denotes the circular contour of radius r around the point z ∈ C in the variable z i and R > ρ > r, ǫ < min(R − ρ, ρ − r). Thus,
which implies that
holds for any m, n, l ∈ Z. Hence, we have
Therefore, we can prove the claim by the similar argument in the proof of Proposition 3.3.1 in [LL] .
We now prove that the formula (3.4) is good enough to imply the locality. The proof is similar to that of Proposition 3 in [LY] . Let N be a positive integer such that
and (3.4) holds for (w 1 , w 2 , w 3 ) and (w 2 , w 1 , w 3 ) with k = t, s, respectively. Then
In particular, by assump-
Note that by assumptions and the equations above, we have
Then we have
As a consequence, we have the following result which has been proved in Theorem 3.12 of [CKL] .
Theorem 3.5. Let (V, Y, 1, ω) be a vertex operator algebra satisfying conditions (1), (2) and D be a cyclic subgroup of S V such that each M ∈ D has integral conformal weights.
Then there exists a unique vertex operator superalgebra structure on U D such that U D is an extension of V . Moreover, U D is a simple vertex operator superalgebra.
Proof: Combining Lemma 3.4, Theorem 2.1, we know that U D is a vertex operator superalgebra. Moreover, recall [LY] [LY] and Theorem 4.5 of [ABD] ).
For any V -module W , define D W = {M ∈ D|M ⊠W = W }. Then we have the following result about modules of U D (see Theorem 3.2 of [Y1] and Theorem 1 of [LY] ).
Theorem 3.6. Let V and D be as above. Assume that W is a V -module such that for any M ∈ D, M ⊠ W has integral conformal weights and that D W = 0. Then there exists an irreducible U D -module structure on Ind
We also need the following result (see Lemmas 3.10, 3.12 of [SY] and Lemma 2.16 of [Y1] 
As a consequence, we have the following Lemma 3.8. Let V and D be as above. Assume that W is a simple current V -module such that for any M ∈ D, M ⊠ W and M ⊠ W ′ have integral conformal weights and [LY] ). This completes the proof.
We are now ready to prove the main result in this section. 
